HL Paper 1

1 -1
Find the values of x for which the vectors | 2cosz | and | 2sinz | are perpendicular, 0 < z < 3.
0 1
Markscheme
1 -1
perpendicular when | 2cosz | - | 2sinz | =0 (M)
0 1

= —1+4sinxcosz =0 Al
=sin2z =+ M1

Se=22  A141
Note: Accept answers in degrees.

[5 marks]

Examiners report

Most candidates realised that the scalar product should be used to solve this problem and many obtained the equation 4sin z cosx = 1.
Candidates who failed to see that this could be written as sin 22 = 0.5 usually made no further progress. The majority of those candidates who

used this double angle formula carried on to obtain the solution 1—”2 but few candidates realised that % was also a solution.

a. Given that arctan(%) + arctan(%) = arctan(%) ,wherep € Z™, find p. [3]
b. Hence find the value of arctan(%) + arctan(%) + arctan (%) [3]
Markscheme

tan(A)+tan(B)
a. attempt at use of tan(A4 + B) = T tan(A) n(B) MI

1,1
1 3% (_1
s (=3)
Note: the value of p needs to be stated for the final mark.

[3 marks]

)): 31 M4l

oo =

b. tan(arctan(%) + arctan(%) + arctan(

arctan(%) + arctan(%) + arctan(%) =T Al



[3 marks]

Examiners report

a. Those candidates who used the addition formula for the tangent were usually successful.

b. Some candidates left their answer as the tangent of an angle, rather than the angle itself.

. 1
a. Use the identity cos 20 = 2cos?6 — 1 to prove that cos %x = \/ +02°” ,

0<xe <

. .. . .1
b. Find a similar expression for sin 3T, 0Lz

c. Hence find the value of fOE (\/1 + cosx + /1 — cosz) d.

Markscheme

1
a. cosx = 2cos25:1: -1

1 1+cosz
cos 5 =t/ —— Ml

positiveas 0 <z < 7w RI

/1
cos%x: # AG

[2 marks]
b. cos20 =1 — 2sin?0 (M1)

.1 1—cosx
sin S = 5 Al
[2 marks]

c. V2 [2 cos %x + sin %:cdac Al
:\/5{2sin%x—2cos%x}5 Al
0

—V2(0) - V3(0-2) Al
=22 Al
[4 marks]

Examiners report

a0 INA
b, IN/A]
.. INA]
sin20
a. Show that Troedd — tan@ .

b. Hence find the value of cot % in the form a + bv/2 , where a,beZ.

Markscheme

sin20 __ 2sinfcosf Ml

" 1+cos26 1+2cos?6—1

2
(2]
(4

(2]

(3]



Note: Award M1 for use of double angle formulae.

__ 2sinfcosf Al

T 2cos%9
__ sinf
~ cosf
=tanf AG
[2 marks]
tanT = 5 g
- tan s 1+cos§ ( )
1+4cos =
cot % = —,r4 M1
s —
V2
2
=1++v2 Al
[3 marks]

Examiners report

a.

The performance in this question was generally good with most candidates answering (a) well; (b) caused more difficulties, in particular the

rationalization of the denominator. A number of misconceptions were identified, for example cot % = tan —.

. The performance in this question was generally good with most candidates answering (a) well; (b) caused more difficulties, in particular the

rationalization of the denominator. A number of misconceptions were identified, for example cot % = tan —.

. Showthatcotaztan(%—a) for0 < a < % 1]
. Hence find f;‘:; 1+%d:c, 0<a<s. [4]

Markscheme

a. EITHER

use of a diagram and trig ratios

eg,

|

2

B [
y

tana = % = cota =

oIS

from diagram, tan(% — a) = % R1



OR

5 = —_— =

T sin
cos( 3 —a

U _ sin(%—a) __ cosa
use of tan| + — « R1

THEN

cota = tan(g — a) AG

[1 mark]
cota 1
[ N, Tode = [arctan z]{C% (A1)

Note: Limits (or absence of such) may be ignored at this stage.

= arctan(cot &) — arctan(tanca)  (M1)

=5-—a—a (A1)
™

= Ol 2a A1l

[4 marks]

Examiners report

a. This was generally well done.

b. This was generally well done. Some weaker candidates tried to solve part (b) through use of a substitution, though the standard result arctan

was well known. A small number used arctan x + ¢ and went on to obtain an incorrect final answer.

In the triangle ABC, AB = 243, AC =9 and BAC = 150° .

a. Determine BC, giving your answer in the form kv/3, k € Z .

b. The point D lies on (BC), and (AD) is perpendicular to (BC). Determine AD.

Markscheme

a BC’=12+81+2x2/3x9x ?:147 MiAl
BC=7v3 Al
[3 marks]

b. area of triangle ABC = £ x 9 x 23 x + (= %7 )  M141
therefore % x AD x T/3 = ¥ M1
AD=2 a1
[4 marks]

Examiners report

IN/A]

E]
(4]



5, IN/A

letz=1—cos20 —isin20, z€ C, 0 <6 < .

a. Solve 2sin(z 4 60°) = cos(z + 30°), 0° < = < 180°.

. o o __ L
b. Show that sin 105° + cos 105° = 7

c.i.Find the modulus and argument of z in terms of #. Express each answer in its simplest form.

c.iiHence find the cube roots of z in modulus-argument form.

Markscheme
a. 2sin(z + 60°) = cos(z + 30°)
2(sinz cos 60° + cos £ sin 60°) = cos z cos 30° — sinzsin30°  (M1)(A1)

. 1 V3 V3 . 1
2sinx X 5—|—2cosx>< — =CoST X — —sinz X = At

2 2 2
. 3
= %smm = —gcosw
1
= tanz = —— M1
V3

=z =150° A1

[5 marks]
b. EITHER

choosing two appropriate angles, for example 60° and 45° M1
sin 105° = sin 60° cos 45° + cos 60° sin 45° and
cos 105° = cos 60° cos 45° — sin 60° sin45° (A1)

. o o_ V3 1 1 1 1 1 V3
sin 105 4 cos 105 :TXE+7X_2+§X_2_TX

Sl-

AG

s~

OR
attempt to square the expression M1
(sin 105° 4 cos 105°)% = sin*105° + 2sin 105° cos 105° 4 cos?105°
(sin105° + cos 105°)* = 1 +sin210° A1

1

1

sin 105° 4+ cos 105 = 7

AG

[3 marks]

i.EITHER

o

z=(1—cos26) —isin26

|z| = \/(1 — cos20)® + (sin260)®° M1

(5]

(3]

El

(5]



2] = /1 — 2cos 20 + cos226 + sin?20 A1
=+/2,/(1 —cos20) A1

= 1/2(2sin’0)
=2sinf A1

let arg(z) = «

sin 26
1—cos 20

tana = — M1

—2sinfcosf

= 2sin’6 (A 1)

= —cotf At

arg(z) =a=— arctan(tan(% - 9)) Al
=0—3 A1

OR

z=(1— cos26) —isin 26

= 2sin’0 — 2isinfcosf MIA1
=2sinf(sinf —icosf) (A1)

= —2isinf(cosf +isinf) M1A1

= 2sin6 (cos(@ - %) +isin(97 %)) M1A1
|z| =2sinf A1

arg(z) =0 — 5 A1

[9 marks]

c.iiattempt to apply De Moivre’s theorem M1

.. L L 1 0—+2nm . 9—Z+2nm
— COSs — 1S1n = sin cos| ——— isin
S 26 20)3 = 23 (sin )3 3 + —5— )| A1A1A1

Note: A7 for modulus, A7 for dividing argument of z by 3 and A1 for 2n.

Hence cube roots are the above expression when n = —1, 0, 1. Equivalent forms are acceptable.

[5 marks]

Examiners report

IN/A]
b, IN/A]
[N/A]
[N/A]

a.

c.ii.

a. Find the value of sm LI sm —|— sm L sm T +sin QTW

1 cos 2z

b. Show that =sinz, x # kr where k € Z.

c. Use the principle of mathematical induction to prove that

A1

2]

2]

E]



sing +sin3z + ... +sin(2n — )z = 22 p ¢ 7%, ¢ # kr where k € Z.

2sinz

d. Hence or otherwise solve the equation sin z + sin 3= = cos z in the interval 0 < = < . [6]

Markscheme

a sinZ +sind fsin T 4sin T psind = Y2 V2 VT VD VB VT gy
Note: Award M1 for 5 equal terms with \) +\) or — signs.
[2 marks]
b. L2 — i)
sinz 2sinz
ST
s
=sinz AG
[2 marks]
c. letP(n) :sinz +sin3z + ... +sin(2n — 1)z = %
ifn=1
. l—cos2z __ . . . .
P(1): 3eny = Sil & which is true (as proved in part (b)) R
assume P (k) true, sinz + sin3z + ... +sin(2k — 1)z = 1;201—?2’“ m1

Notes: Only award M1 if the words “assume” and “true” appear. Do not award M1 for “let n = k” only. Subsequent marks are independent of this
M1.

consider P(k + 1):

1—cos 2(k+1)z

2sinz

P(k+1):sinz+sin3z + ... +sin(2k — 1)z +sin(2k + 1)z =

LHS =sinz +sin3z + ... +sin(2k — 1)z + sin(2k + 1)z M1

1—cos 2kz
2sinz

+sin(2k+ 1)z A1

1—cos 2kz+2sin z sin(2k+1)z
2sinz

1—cos 2kz+2 sin z cos  sin 2kz+2sin’z cos 2kx
2sinz

M1

1- ((172sin2m) cos 2kx —sin 2z sin 2kz)

2sinx

M1

1—(cos 2z cos 2kz—sin 2z sin 2kz)

A1

2sinz

1—cos(2kz+2z)
2sinz

A1

1—cos2(k+1)z
2sinz

soiftrue forn = k,thenalsotrueforn =k +1

astrue forn = 1thentrueforalln € Z© R1

Note: Accept answers using transformation formula for product of sines if steps are shown clearly.

Note: Award R17 only if candidate is awarded at least 5 marks in the previous steps.



[9 marks]

d. EITHER

1—cos4zx

sinz + sin 3x = cosz = =cosz M1

Tsine
= 1—cosdz = 2sinzcosz, (sinz # 0) A1
= 1—(1—2sin?2z) =sin2z M1

= sin2z(2sin2z — 1) =0 M1

= sin2z =0orsin2z = » Af

2
2 =, 2:6:%and2:c:%7T
OR
sinz + sin3x = cosxz = 2sin2zx cosz = cosx M1A1
= (2sin2z — 1)cosz =0, (sinz #0) M1A1

= sin2x = % ofcosx =0 A1

_m 5w _m
2r=5,2z=andz =5
THEN

_m _m _ 5w

T=5,c=qgandzr = ATl

Note: Do not award the final A1 if extra solutions are seen.

[6 marks]

Examiners report

IN/A]
" IN/A]
" IN/A]
" IN/A]

a

The diagram shows a tangent, (TP) , to the circle with centre O and radius 7 . The size of POA is 6 radians.




a. Find the area of triangle AOP in terms of 7 and 6 .

b. Find the area of triangle POT in terms of 7 and 6§ .

c¢. Using your results from part (a) and part (b), show that sinf < 6 < tan@ .

Markscheme

a. area of AQP = %rz sinf Al

[1 mark]
b. TP =rtanf (MI)

area of POT = %r(r tan 6)
= %7'2 tanf Al
[2 marks]
c. area of sector OAP = 2120 Al

area of triangle OAP < area of sector OAP < area of triangle POT RI

%rz sinf < %1"20 < %7“2 tan @
sinf < 0 <tanf AG

[2 marks]

Examiners report

(1]
2
(2]

a. The majority of candidates were able to find the area of Triangle AOP correctly. Most were then able to get an expression for the other triangle.

In the final section, few saw the connection between the area of the sector and the relationship.

b. The majority of candidates were able to find the area of Triangle 4OP correctly. Most were then able to get an expression for the other triangle.

In the final section, few saw the connection between the area of the sector and the relationship.

¢. The majority of candidates were able to find the area of Triangle AOP correctly. Most were then able to get an expression for the other triangle.

In the final section, few saw the connection between the area of the sector and the relationship.

The first three terms of a geometric sequence are sin z, sin 2z and 4 sin xcos

(a) Find the common ratio r.

(b)  Find the set of values of x for which the geometric series sin z + sin 2z + 4 sin zcos?z + . .. converges.

Consider x = arccos(%), x> 0.

(c)  Show that the sum to infinity of this series is @

Markscheme

(a) sinz, sin2z and 4sinzcos’z

2sinzcos
sinz

r= =2cosz Al

Note:  Accept 2222

s

[1 mark]



(b) EITHER
|r| <1=|2cosz|<1 Ml
OR
-1<r<l=-1<2cosz<1l Ml
THEN
0<cosx<%for —5<z<3
—z<z<-—gorg<z<g AlAl
[3 marks]
©) S =Ty MI

sin (arccos ( )

AlAl

Soo =

m|»—w>|§
=

Note: Award A1 for correct numerator and A1 for correct denominator.

[3 marks]

Total [7 marks]

Examiners report

IN/A]

Solve the equation sin 2z — cos 2z = 1 +sinz — cos z for z € [—, 7.

Markscheme

(sin2z —sinz) — (cos 2z — cosz) =1
attempt to use both double-angle formulae, in whatever form M1
(2sinz cosz — sinz) — (2cos’z — 1 —cosz) = 1

or (2sinz cosz — sinz) — (2cos’z — cosz) = 0 for example ~ A1
Note: Allow any rearrangement of the above equations.

sinz(2cosz — 1) —cosz(2cosz —1) =0
(sinz — cosz)(2cosz—1) =0 (M1)

tanz = 1 and cosz = % A1A1

Note: These A marks are dependent on the M mark awarded for factorisation.



Note: Award A1 for two correct answers, which could be for both tan or both cos solutions, for example.

[7 marks]

Examiners report

IN/A]

In triangle ABC, BC = v/3 cm, ABC = 6 and BCA = g

3
V/3cosO+sinf

a. Show that length AB = [4]

b. Given that AB has a minimum value, determine the value of 6 for which this occurs. [4]

Markscheme

a. any attempt to use sinerule M1

AB V3 A1
sinZ . (2n
3 sm(T—O)
V3

A1

- .2 2 .
sin T"cos 6—cos §51n9

Note: Condone use of degrees.

V3

= - A1
§c050+é5in9

AB V3

g VTgcos9+%sin9

. o 3

: AB - \/50050+sin6' AG

[4 marks]

b. METHOD 1

, 73<7\/§sin 0-+cos 9)

(AB) ~ M1A1
(\/§ cos O-+sin 9)

setting (AB) =0 M1

_ L
tanf = 7
=5 A1
METHOD 2

\/Esin%

AB =

sin(%7r 70>



AB minimum when sin(%r — 0) is maximum M1

sin(F-0) =1 @1

2T
3

0=5 Al

>

ks
=35 Ml

METHOD 3
shortest distance from B to AC is perpendicularto AC  R1

0= —%:W M1A2

B

N

[4 marks]
Total [8 marks]

Examiners report

o INVA]
b, IN/A]

The following diagram shows the triangle ABC where AB = 2, AC = /2 and BAC = 15°.

B

2
a. Expand and simplify (1 - \/3) .
b. By writing 15° as 60° — 45° find the value of cos(15°).

c. Find BC in the form a + v/b where a, beZ.

Markscheme
a. (1—\/3)2:4—2\/5 A1

Note: Award A0 for 1 — 2v/3 + 3.
[1 mark]
b. cos(60° — 45°) = cos(60°) cos(45°) + sin(60°) sin(45°) M1

1., V2 [ V3 V2 1 1 V3 1
i P PP (o hx L T L) qay

[3 marks]

c. BC? =2+4+4-2x+/2x2cos(15°) M1

(1]

(8]

(4]



=6-v2(V2+6)

— 412 (:44\/5) A1
BC =+ (1 . \/3) (M1)
BC=-1++3 A1

Note: Accept BC = /3 — 1.
Note: Award M1AO for 1 — /3.

Note: Valid geometrical methods may be seen.

[4 marks]

Examiners report

a. The main error here was to fail to note the word ‘simplify’ in the question and some candidates wrote 1 4 3 in their final answer rather than 4.
b. This was well done by the majority of candidates, though a few wrote cos(60 — 45) = cos 60 — cos 45.

c. Candidates were able to use the cosine rule correctly but then failed to notice the result obtained was the same as that obtained in part (a).

The triangle ABC is equilateral of side 3 cm. The point D lies on [BC] such that BD = 1 cm.
Find cos DAC.

Markscheme

METHOD 1

AD?=224+32-2x2x3xcos60° Ml
(or AD* =17 + 3% — 2 x 1 x 3 x cos60°)

Note: M1 for use of cosine rule with 60° angle.

AD?’ =17 Al
cosDAC = 2% M141
2><3><\/7

Note: M1 for use of cosine rule involving DAC.

_ 2
=z A4
METHOD 2

let point E be the foot of the perpendicular from D to AC
EC =1 (by similar triangles, or triangle properties) MI1A1
(or AE=2)

DE = /3 and AD = /7 (by Pythagoras) (MI)Al

AC = 2
cosDAC—\/,7 Al

Note: If first M1 not awarded but remainder of the question is correct award MOAOMIAIAL.



[5 marks]

Examiners report

IN/A]

sin 3z cos 3z
Let f(.'I?) = sinz _ cosz *

a. For what values of x does f(z) not exist?

sin 3z cos 3z

sinx cosT *

b. Simplify the expression

Markscheme
a. cosx =0, sinz =0 (MI)

zt=",nel Al

b. EITHER

sin 3z cos z—cos 3z sin

— M1 Al

sinz cos ¢
sin(3z—z)
=20 41 Al
5sin 2z

=2 Al

OR

sin 2z cos z+cos 2z sin cos 2z cos z—sin 2z sinx Ml

sinx - cosx
_ 2sin zcos2z+2cos2z sinz—sinz 2cos®z—cos z—sin’z cos & Al

sin @ cosx
= 4cos’z — 1 — 2cos®z + 1 + 2sin’z Al
= 2cos’z + 2sin’z
=2 Al

[5 marks]

Examiners report

Al

2
(5]

a. Part (a) was well answered, although many candidates lost a mark through not giving sufficient solutions. It was rare for a student to receive no

marks for part (b), but few solved the question by the easiest route, and as a consequence, there were frequently errors in the algebraic

manipulation of the expression.

b. Part (a) was well answered, although many candidates lost a mark through not giving sufficient solutions. It was rare for a student to receive no

marks for part (b), but few solved the question by the easiest route, and as a consequence, there were frequently errors in the algebraic

manipulation of the expression.

A circular disc is cut into twelve sectors whose areas are in an arithmetic sequence.

The angle of the largest sector is twice the angle of the smallest sector.



Find the size of the angle of the smallest sector.

Markscheme

METHOD 1

If the areas are in arithmetic sequence, then so are the angles. (M1)

= Sn=2(a+1) = Z(0+20) =180 MIAl
=180 =21 (AI)

6= (accept20) AI
[5 marks]

METHOD 2

a2 =2a1 (M)

Z(ar+2m) =ar?  MIAI

2
_ 17
3(117 3

ir0=""" (41

§=2"=7 (accept20’) Al
[5 marks]

METHOD 3

Let smallest angle = @ , common difference = d
a+1ld=2a (M)

a=11d Al

S, = 2(2a+11d) =21 Ml

6(2a +a) =27 (41)

18a = 27

a=7% (accept20°) Al

[5 marks]

Examiners report

Stronger candidates had little problem with this question, but a significant minority of weaker candidates were unable to access the question or
worked with area and very quickly became confused. Candidates who realised that the area of each sector was proportional to the angle usually

gained the correct answer.

The diagram below shows a circular lake with centre O, diameter AB and radius 2 km.



Jorg needs to get from A to B as quickly as possible. He considers rowing to point P and then walking to point B. He can row at 3 kmh ™! and

walk at 6 kmh . Let PAB = 6 radians, and ¢ be the time in hours taken by Jorg to travel from A to B.

a. Show thatt = %(2 cosf + 6). [3]
b. Find the value of 8 for which S = 0. [2]
¢. What route should Jorg take to travel from A to B in the least amount of time? [3]

Give reasons for your answer.

Markscheme

a. angle APB is a right angle

= cosf = A4—P = AP =4cosf Al

Note: Allow correct use of cosine rule.
arcPB=2x20=460 Al

AP |, PB
t= 5 + 5 M1

Note: Allow use of their AP and their PB for the M1.

= t = deost +%9 — deosf | 20 _ 2(9cosO+6) AG

3 3 3 3
[3 marks]
b. & =2(-2sing+1) Al

%(—QSinG—Q— 1)=0=sinf = % = 0 = % (or 30 degrees) Al
[2 marks]
c. g—;é = —2cosf <0 (atB: %) MI
= tis maximizedat = & RI
time needed to walk along arc AB is %T ( ~ 1 hour)

time needed to row from A to B is % ( ~ 1.33 hour)



hence, time is minimized in walking from Ato BRI

[3 marks]

Examiners report

a. The fairly easy trigonometry challenged a large number of candidates.
b. Part (b) was very well done.
c. Satisfactory answers were very rarely seen for (c¢). Very few candidates realised that a minimum can occur at the beginning or end of an

interval.

a. Write down the expansion of (cos 6 + isin 0)3 in the form a + ib , where a and b are in terms of sin § and cos 6 .
b. Hence show that cos 30 = 4cos®0 — 3 cos @ .

c. Similarly show that cos 50 = 16cos®d — 20cos®0 + 5 cos 6 .

T

d. Hence solve the equation cos 56 + cos 30 + cos8 = 0, where 8 € {73, 5} .

5+ 7

e. By considering the solutions of the equation cos 560 = 0, show that cos 1—7:) = <— and state the value of cos l—g.

Markscheme
a. (cosf +isinf)® = cos?d + 3cos?6 (isin6) + 3 cos H(isin6)® + (isin6)®  (M1I)
= cos®0 — 3 cos fsin?6 + i (3cos?fsin 6 — sin®¢) A1
[2 marks]
b. from De Moivre’s theorem
(cos @+ isinf)® = cos30 +isin30 (MI)
cos 30 +1isin 360 = (cos39 — 3 cos 05in20) +1i (3c0829 sinf — sin39)
equating real parts M1
cos 30 = cos®0 — 3 cos sin>0
= cos®0 — 3cos (1 — 00520) Al
= co0s®0 — 3 cos 6 + 3cos®

=4cos’d — 3cosf AG

Note: Do not award marks if part (a) is not used.

[3 marks]
c. (cos@+isinf)’ =
c0s®d + 5cos*@ (isin 8) + 10cos®d(isin 9)2 + 10cos?d(isin 9)3 + 5 cos O(isin 0)4 + (isin 9)5 (A1)

from De Moivre’s theorem

cos 50 = cos®0 — 10cos30sin®0 + 5 cos fsin’d M1

2]

(3]

(3]

6]

(8]



= cos’d — 10cos®6 (1 — cosQG) + 5cos 9(1 — cos26')2 Al
= c0s’0 — 10cos®8 + 10cos®d + 5 cos @ — 10cos®6 + 5cos®0
.. cos 50 = 16¢0s’0 — 20cos®0 + 5cosd AG

Note: If compound angles used in (b) and (c), then marks can be allocated in (c) only.

[3 marks]
d. cos 50 + cos 36 + cos 0

= (16cos56 — 20cos6 + 5 cos 0) + (4cos39 — 3cos 0) +cos0=0 MI

16cos®@ — 16cos®d +3cosf =0 Al

cos 6 (16cos*6 — 16cos?0 + 3) = 0

cos @ (4c0529 — 3) (4c0529 — 1) =0 Al

V3.
75

+1 41

s.cosf =0; + >

S0=x5 13 j:% A2

[6 marks]
e. cosh0 =0
50— 5 (555 ) 5. oD
0:...%;(%;%);%;... M1)

Note: These marks can be awarded for verifications later in the question.

now consider 16cos®0 — 20cos®0 + 5cos =0 M1
cos @ (16cos49 — 20cos?0 + 5) =0

20+ ,/400—4(16)(5)
32

[ 20+ ,/400—4(16)(5)
cost) =+ ———F——
. 20+,/400—4(16)(5) . .
COS 75 = {/ ———33y— since max value of cosine =- angle closest to zero  RI
4.5+4,/25-4(5) 5445
™
RS TY 13 = 8 Al

T 5—5
cos 15 = 3

cos?6 = icosf@=0 Al

AlAl

[8 marks]

Examiners report

a. This question proved to be very difficult for most candidates. Many had difficulties in following the instructions and attempted to use addition
formulae rather than binomial expansions. A small number of candidates used the results given and made a good attempt to part (d) but very

few answered part (e).



b. This question proved to be very difficult for most candidates. Many had difficulties in following the instructions and attempted to use addition
formulae rather than binomial expansions. A small number of candidates used the results given and made a good attempt to part (d) but very

few answered part (e).

c. This question proved to be very difficult for most candidates. Many had difficulties in following the instructions and attempted to use addition
formulae rather than binomial expansions. A small number of candidates used the results given and made a good attempt to part (d) but very

few answered part (e).

d. This question proved to be very difficult for most candidates. Many had difficulties in following the instructions and attempted to use addition
formulae rather than binomial expansions. A small number of candidates used the results given and made a good attempt to part (d) but very

few answered part (e).

e. This question proved to be very difficult for most candidates. Many had difficulties in following the instructions and attempted to use addition
formulae rather than binomial expansions. A small number of candidates used the results given and made a good attempt to part (d) but very

few answered part (e).

From a vertex of an equilateral triangle of side 2z, a circular arc is drawn to divide the triangle into two regions, as shown in the diagram below.

diagram not to
scale

2x

Given that the areas of the two regions are equal, find the radius of the arc in terms of x.

Markscheme

(2z)*sing (M)

area of triangle = %
=z*V/3 Al

Note: A 0.5 x base x height calculation is acceptable.

area of sector = %rz =&’ (MDAl

area of triangle is twice the area of the sector

:>2(%,~2) =223 MI



=1 =24/ ﬁ or equivalent A1

[6 marks]

Examiners report

The majority of candidates obtained the correct answer. A small minority of candidates used degree measure rather than radian measure, or failed

to notice that the triangle was equilateral.

The angle 0 lies in the first quadrant and cos 6 = é

a. Write down the value of sin 8 .

b. Find the value of tan 26 .

c. Find the value of cos (%) , giving your answer in the form Ve wherea ,b € Z7" .

b

Markscheme

V8

a. sinf = = Al
[1 mark]
2x4/8 2v/8 42
b. tan20: 18 = *T (*T> MIAI
[2 marks]
2(0 145 o
C. cos (5) = 5 = 3 MIiAl
cos(%) = ? Al
[3 marks]

Examiners report

o INA
b, IN/A]

C_' IN/A]

The following diagram shows the curve y = asin(b(z + ¢)) + d, where a, b, c and d are all positive constants. The curve has a maximum point at

(1, 3.5) and a minimum point at (2, 0.5).

(1
2
E]



a. Write down the value of a and the value of d.

b. Find the value of b.

c. Find the smallest possible value of ¢, given ¢ > 0.

Markscheme

a.a=15 d=2 A1A1
[2 marks]
b.b=% =n (M1A1

[2 marks]

c. attempt to solve an appropriate equation or apply a horizontal translation

c=15 A1
Note:

Award (M1)AO for c = —0.5.
[2 marks]

Examiners report

Do not award a follow through mark for the final A7.

(m1)

2

2]

(2]

a. Parts (a) and (b) were largely done successfully, but there was still a large minority who did not score well, and this is something that teachers need

to be aware of for the future.

b. Parts (a) and (b) were largely done successfully, but there was still a large minority who did not score well, and this is something that teachers need

to be aware of for the future.

c. This part was less successfully done. Some attempted the question by putting in a point and solving the equation. Others did it through realizing it

represented a horizontal translation. Of these many failed to heed the instruction (given in the stem of the question, as well as repeated in part (c))

that ¢ had to be greater than zero.



The logo, for a company that makes chocolate, is a sector of a circle of radius 2 cm, shown as shaded in the diagram. The area of the logo is 37 cm®.

diagram not to scale

a. Find, in radians, the value of the angle 6, as indicated on the diagram.

b. Find the total length of the perimeter of the logo.

Markscheme

a. METHOD 1

area = 12% — %220 (=37) M1A1
Note: Award M1 for using area formula.
=20=1=0=5 Al

Note: Degrees loses final A1

METHOD 2

letz =27 — 60

area = %22.% (=3m) M1

=T = %ﬂ' Al

=0=3 Al

METHOD 3

Area of circle is 4 A1

Shaded area is % of the circle  (R1)
=0=15 A1

[3 marks]
b. arc length = 23—27r A1

perimeter = 23—; +2x2
=3r+4 At
[2 marks]

Total [5 marks]

4

2

(8]

2]



Examiners report

a. Good methods. Some candidates found the larger angle.

b. Generally good, some forgot the radii.

In the diagram below, AD is perpendicular to BC.

CD = 4,BD = 2and AD = 3. CAD = aand BAD = 3.

Find the exact value of cos(a — 3) .

Markscheme

METHOD 1

AC =5and AB = /13 (may be seen on diagram)  (41)

cosa = % and sina = % (Al)

3 andsinf— 2
ﬁ and s1n,3 = /B3 (AI)

Note: If only the two cosines are correctly given award (41)(A1)(A0).

cosfB =

Use of cos(aw — B) = cosacos B+ sinasin  (MI)
3.3 4.2 ituti
=5 X5 + 5 X Nir (substituting) M1

_ 17 1713
—om (=5%) a1 M

[6 marks]

METHOD 2
AC =5amd AB = /13 (may be seen on diagram) (A1)
Use of cos(a + B) = AC+AB’—BC* Ml)

2(AC)(AB)
_ 25413-36 (1
T 2x5xV13 (_ 5\/1_3) Al




Use of cos(a + B) + cos(a — B) = 2cosacos B (MI)

=3 -3
cosa = % and cos 3 e (Al)

_ M (g3 3 1) (v
cos(oz—ﬂ)—wﬁ <_2><5><\/ﬁ 5\/E) <_ o

[6 marks]

)Az NI

Examiners report

Many candidates used a lot of space answering this question, but were generally successful. A few candidates incorrectly used the formula for the
cosine of the difference of angles. An interesting alternative solution was noted, in which the side AB is reflected in AD and the required result

follows from the use of the cosine rule.

Consider the curve defined by the equation 2 + siny —zy = 0.

a. Find the gradient of the tangent to the curve at the point (, 7) . [6]

1

b. Hence, show that tan § = o where 6 is the acute angle between the tangent to the curve at (m, 7) and the line y =x . [3]

Markscheme

a. attempt to differentiate implicitly M1

2:L'+cosyg—z —y—mj—z =0 AlA4l
Note: A1 for differentiating 22 and sin y ; A1 for differentiating xy.

substitute xand yby 7 M1

dy dy dy m
27'['—5—71’—71'5:0:>E:1+—7r MIiAl
Note: M1 for attempt to make dy/dx the subject. This could be seen earlier.

[6 marks]
b. 6 = 7 — arctan - (or seen the other way) M1

T

1-_"
tanf = tan(% — arctan %) =T MiAl
™ 1+1_+7r

1

[3 marks]

Examiners report

a. Part a) proved an easy 6 marks for most candidates, while the majority failed to make any headway with part b), with some attempting to find
the equation of their line in the form y = mx + ¢ . Only the best candidates were able to see their way through to the given answer.
b. Part a) proved an easy 6 marks for most candidates, while the majority failed to make any headway with part b), with some attempting to find

the equation of their line in the form y = mx + ¢ . Only the best candidates were able to see their way through to the given answer.



Show that % =sec24 +tan2A4 .

Markscheme

METHOD 1

cosAisind _ (0094 4 tan24

cos A—sin A
consider right hand side

sec2A +tan24 = —— + 24 pr747

2 . . 2
_ cosA+2 smAcoszAJrsm A AlAl
cos? A—sin”A

Note: Award A1 for recognizing the need for single angles and A1 for recognizing cos>A + sin’4 =1 .

o (cos A+sin A)2
" (cos A+sin A)(cos A—sin A) MiAl

cos A+sin A
cos A—sin A AG

METHOD 2

cos At+sin A __ (cos A+sin A)2

cosA—sinA ~  (cos A+sin A)(cos A—sin A)
2 . .2

_ cos“A+2sin Acos A+sin”A

- cos2A—sin’A A141

Note: Award A1 for correct numerator and A1 for correct denominator.

MiAl

_ 14sin24
T cos24 MIAI

=sec2A +tan24A AG
[6 marks]

Examiners report

Solutions to this question were good in general with many candidates realising that multiplying the numerator and denominator by
(cos A + sin A) might be helpful.

(a)  Prove the trigonometric identity sin(z + y) sin(z — y) = sin’z — sin’y.
(b) Given f(z) = sin(z + £)sin(z — %), = € [0, 7], find the range of f.
(c) Giveng(z) =csc(z+ g)csc(z — ¢), z € [0, 7], z# ¢, ¢ # 5%, find the range of g.

Markscheme

(a) sin(z + y)sin(z — y)

= (sinzcosy + coszsiny)(sinzcosy — coszsiny) MIAI

= sinza:coszy + sinx sinycosx cosy — sinz sinycosz cosy — c052xsin2y

= sinzzcos2y — cos2zsin2y Al

= sin’z(1 — sin’y) — sin’y(1 — sin’z) Al
= sin’z — sin2xsin2y — sinzy + siansin2y
= sin’z — sin2y AG

[4 marks]

(b) f(z) =sin’z —

range is f € {—%, %} AlAl



Note: Award A1 for each end point. Condone incorrect brackets.
[2 marks]

© gla)=—

sin?z— 1
4

4

range is g € |—o0, — 4] U [g, oo{ AlAl

Note: Award A1 for each part of range. Condone incorrect brackets.

[2 marks]

Total [8 marks]

Examiners report

Part a) often proved to be an easy 4 marks for candidates. A number were surprisingly content to gain the first 3 marks but were unable to make

the final step by substituting 1 — sin®y for cos?y.

Parts b) and ¢) were more often than not, problematic. Some puzzling ‘working” was often seen, with candidates making little headway. Otherwise

good candidates were able to answer part b), though correct solutions for ¢) were a rarity. The range g € [—4, %} was sometimes seen, but gained

no marks.

Vi1 + % =44/2, 0 < z < 7. Given that sin(i) = L2 ond cos(l> _ Vo2

Consider the equation B 7} B 7}

sinx

™

a. verify thatx = |3

is a solution to the equation; [3]

b. hence find the other solution to the equation for 0 < x < g [5]

Markscheme

a. EITHER
V31 V3+1
LHS = 5+ 5w M1
4 4
V3-1 | V341
= V3-1 + V3+1 A1
2v2 2v2
=2v2+2V2 A1
LHS =42 =z = % is a solution AG
OR
V3-1 V3+1
IHS= 72w+ ww M

_ () EE ()

(52)(2)

=218 — 22 (or equivalent) A1



LHS =42 =z = 13 is asolution AG

[3 marks]
V2 (V31 | V31 sing; | cosgg

b. 4 \ sinz + cosz =2= sinz + cos T =2 M1
sinl—ﬂzcosa:Jrcos%sinz —9 My

sin x cos &
. ™ ™ . .
Sin {5 cos« + cos zsinz = 2sinx cosx
sin(% —|—x> =sin2x A1
s ™
wte=m—2zorm— (ﬁ +:c> =2x (M1)
117

Z'ZE A1l

[5 marks]

Examiners report

a. This question proved to be the most problematic question in the paper.
Part (a) was generally well done, with competent fraction and surd manipulation seen successfully in leading to the given answer.
b. This question proved to be the most problematic question in the paper.

The number of scripts seen where part (b) was tackled with complete success numbered in the single figures; solutions were rarely if ever seen.
Some candidates scored one mark by finding, or using, the common denominator sin x cos .

Consider the functions f(z) = tanz, 0 < z < % and g(z) = %, zeR, z#£1

a. Find an expression for g o f(x), stating its domain. [2]

b. Hence show that g o f(z) = % [2]

c. Lety = go f(z), find an exact value for % at the point on the graph of y = g o f(z) where z = % expressing your answer in the form [6]
a+bV/3, a, beZ.

d. Show that the area bounded by the graph of y = g o f(z), the z-axis and the lines z = 0 and z = % is ln(l + \/3) [6]

Markscheme

a. gof(m) = w A1l

tanz—1
r#,0<z< 3 Al

[2 marks]
sin
b tanz+1 _ oz
" tanz—1 ~ sine 1

cosz

M1A1

sin z+4-cos ¢
=—— AG

sinx—cos

[2 marks]

c. METHOD 1



dy (sin z—cos ) (cos z—sin z)—(sin z+cos z)(cos z+sin z)

@ (sinz—cosz)? M1(A1)
dy _ (2sinzcosz—cos’z—sin’z)—(2sinz cos z+cos’z+sin’z)
dz cos2z+sin’z—2sin z cos
o -2
T 1-sin2z
d
Substitute % into any formula for % M1
—2
1 sin%
—2
= Al
4
2-V3
4 (2+V3
 2-V3 (2+\/§ ) M1
L RN
METHOD 2
dy (tan z—1)sec’z—(tan z+1)sec’s M1A7
dz (tanz—1)°
—2sec’x Al
(tanz—1)
—2sec 5 *2(%> _8
= T L : r M1
e
Note: Award M1 for substitution %.
3 _ 4+2+/3
-8 ( _):—8—4\/5 M1A1
(1-v3) (14-2v3) (4+2v3)
[6 marks]

= sinz+cos
. aveal [y 7@‘ M1

SN Tr—CosT

5
0

A1

= ‘[1n|sinm — cos z|]

Note: Condone absence of limits and absence of modulus signs at this stage.

= |1n|sin% — cos%| —In|sin0 — cosO|| m1
er
_‘1 \/3 1)‘ A1

:—ln(ﬁ;l)zln<\/§271> A1l

—in( Gy x vw) m

- ln<\/§ + 1) AG

[6 marks]

Total [16 marks]



Examiners report

N/A]
" IN/A]
" IN/AL
" IN/A]

The diagram below shows the boundary of the cross-section of a water channel.

Vv

|

‘Water Depth

J

) — 32 where x and y are both measured in cm.

-1

x4

The equation that represents this boundary is y = 16 sec( %

The top of the channel is level with the ground and has a width of 24 cm. The maximum depth of the channel is 16 cm.
Find the width of the water surface in the channel when the water depth is 10 cm.

Give your answer in the form a arccosb where a, b € R .

Markscheme

10 cm water depth corresponds to 16 sec(%) -32=—-6 (41

T

36 ) = k or equivalent

Rearranging to obtain an equation of the form sec(
i.e. making a trignometrical function the subject of the equation. M1
cos(%) = % (A1)

3¢ = tarccos 18—3 M1

36 8
x—j:Tarccosﬁ Al

Note: Do not penalise the omission of +.

Width of water surface is 7—:arccos % (cm) RI NI

Note: Candidate who starts with 10 instead of —6 has the potential to gain the two M1 marks and the RI mark.

[6 marks]

Examiners report



This was a question in context which proved difficult for many candidates. Many appeared not to have fully comprehended the implications of the

details of the diagram. A few candidates attempted integration, for no apparent reason.

In the triangle ABC, ABC = 90°, AC = v/2and AB=BC + 1.

. Show that cos A —sin A = L.
V2

Q

b. By squaring both sides of the equation in part (a), solve the equation to find the angles in the triangle.

V6—+/2
-

(9}

. Apply Pythagoras’ theorem in the triangle ABC to find BC, and hence show that sin A=

d. Hence, or otherwise, calculate the length of the perpendicular from B to [AC].

Markscheme

a. cos A = BA Al

V2
in A — BC
sinA = N Al
A . 2 BA-BC
cosA —sin A = 5 RI
=L 4G
NG

[3 marks]

b. cos?A — 2cos Asin A + sinA = % MIiAl

1-2sinAcosA = Midl

sin2d =1 MI

24 =30° Al

angles in the triangle are 15° and 75° A1A41
Note: Accept answers in radians.

[8 marks]
c. BC’+ (BC+1)2=2 MIAI
2BC?+2BC—-1=0 Al

BC — —2+4/12 (: V3-1

- ) M1l

BC _ V3-1
V2 2v2

[6 marks]

d. EITHER

h=ABsinA MI
=(BC+1)sind Al

V341 V62 vz
=—— X —— =5 MIAl

(3]
8l

(6]

(4]



OR
3AB.BC = JAC.h Ml

V3L S o Al

2 2
2=v2h MiI
.
h = s Al
[4 marks]

Examiners report

a. Many good solutions to this question, although some students incorrectly stated the value of arcsin (%) A surprising number of students had
greater difficulties with part (d).
b. Many good solutions to this question, although some students incorrectly stated the value of arcsin (%) A surprising number of students had

greater difficulties with part (d).

¢. Many good solutions to this question, although some students incorrectly stated the value of arcsin (%) A surprising number of students had

greater difficulties with part (d).

d. Many good solutions to this question, although some students incorrectly stated the value of arcsin (%) A surprising number of students had

greater difficulties with part (d).

The diagram below shows a curve with equation y = 1 + ksinz , defined for 0 < z < 37

y B

The point A (%, 72) lies on the curve and B(a, b) is the maximum point.

(a) Showthatk=-6.

(b) Hence, find the values of a and b .

Markscheme

() —2:1+ksin(%) M1

_ 1
—3—5k2 Al



k=-6 AG NO

(b) METHOD 1

maximum = sinxz = -1 M1

b=1-6(—1)
=7 Al N2
METHOD 2
y =0 MI
kcosx=0:>m:%, 37”,
a=3 a1
b=1-6(-1)
=7 Al N2

Note: Award A1A1 for (37”, 7) .

[5 marks]

Examiners report

This was the most successfully answered question in the paper. Part (a) was done well by most candidates. In part (b), a small number of

candidates used knowledge about transformations of functions to identify the coordinates of B. Most candidates used differentiation.

a. () Showthat (1+itan@)" + (1 —itanf)" = 22" cos6 £ 0.

cos"d ?

(i) Hence verify that i tan 2T is a root of the equation (1 + z)* + (1 — 2)* = 0,

8

(i) ~ State another root of the equation (1 + z)* + (1 —2)* =0, z¢€C.

2tan 6 T _
P to show that tan & =

b. () Use the double angle identity tan 26 =

(i) Show that cos 4z = 8cos*z — 8cos?z + 1.

. % 2cos4x
(i) Hence find the value of [ el

Markscheme

a. () METHOD 1

cos 6 cos

_ (cosGJrisinG)n + <cos07isin6)" Al

. n . n
(1+itan0)“+(1—itan0)":(1+is‘“9) +<1—ism") M1

cos 6 cos 6

by de Moivre’s theorem  (M1)

cos O+isind \ " __ cosnf+isinnd
cos @ -

A1

cos"d

(10]

[13]



recognition that cos 6 — 7 sin 6 is the complex conjugate of cos @ + isinf  (R1)

use of the fact that the operation of complex conjugation commutes with the operation of raising to an integer power:

A1

( cos @—isinf ) " __ cosnf—isinnd

cos @ cos"f

(1+itan@)" + (1 —itanf)" = 2000 po

cos™f
METHOD 2
(1+itanf)" + (1 —itanf)” = (1 +itan )" + (1 +itan(—6))" (M1)

_ (cos 6+isin6)" 4 (cos(—0)+isin(—0))" M1A1

cos™0 cos™f

Note: Award M1 for converting to cosine and sine terms.

use of de Moivre’s theorem (M1)

= —L_(cosnf + isinnf + cos(—nh) + isin(—nf)) A1

cos"f
= 2;):2;0 as cos(—nf) =cosnf and sin(—nf) = —sinnfd RIAG
4 4 2cos(4x 3
(i) (1 +itan 3%) + (1 —itan 3%) = # (A1)
ost =
QCOS%7r
cost—

8

=0 as cos?’—;:O R1

Note: The above working could involve theta and the solution of cos(46) = 0.

soitan 3—; is a root of the equation AG
(i) either —itan %ﬂ or — itan% or itan % Al
. 57 . T
Note: Acceptitan -~ or itan-—.
Accept — (1+\/§)i or (1—\/§>i or (—1+\/§> 1.
[10 marks]
. T 2tan%
- () tan g = m (M1)

tan’g 4+ 2tang —1=0 A7

s
lett = tan 3

attemptingtosolve t> + 2t —1=0 for ¢t M1
t=-1++2 At

™

8

tang >0 R1

is a first quadrant angle and tan is positive in this quadrant, so

tan% =+v2-1 AG
(i) cosdz =2cos®2z —1 A1

= 2(2cos’z — 1)2 -1 M1

=2 (4cos’z — 4cos?z +1) —1 A1

= 8cos?z — 8cos’z +1 AG



Note: Accept equivalent complex number derivation.

™ ™
35 2cosdz 3 8cosiz—8cos?z+1

g g
(i) [ —mdz =2 [ — dz

=2 fog 8cos’z — 8 + sec’zdz M1
Note: The M1 is for an integrand involving no fractions.

use of cos’z = %(cos 2z+1) M1
=2 fO% 4cos2z — 4 +sec’zdx A1
= [4sin2z —8:c+2tanw]§ A1
=42 -7 —2 (or equivalent) A7

[13 marks]
Total [23 marks]

Examiners report

a. Fairly successful.
b. () Most candidates attempted to use the hint. Those who doubled the angle were usually successful — but many lost the final mark by not giving
a convincing reason to reject the negative solution to the intermediate quadratic equation. Those who halved the angle got nowhere.

(i)  The majority of candidates obtained full marks.

= sec?x, which can be

(iiiy  This was poorly answered, few candidates realising that part of the integrand could be re-expressed using

cos?z
immediately integrated.
In the triangle PQR, PQ = 6 , PR = k and PQR = 30° .
a. For the case k=4, find the two possible values of QR. [4]
b. Determine the values of k for which the conditions above define a unique triangle. [3]

Markscheme

a. attempt to apply cosine rule M1

42=6>"+QR?*—2-QR-6cos30° (or QR* —6v/3QR+20=0) AI
QR =3v3++7or QR =3vV3 -7 AIAl

[4 marks]
b. METHOD 1

k>6 Al

k=6sin30° =3 MIAI
Note: The M1 in (b) is for recognizing the right-angled triangle case.

METHOD 2
k>6 Al



use of discriminant: 108 — 4(36 — k*) =0 M1
k=3 Al
Note: & =+3 is M1A40.

[3 marks]

Examiners report

a. Candidates using the sine rule here made little or no progress. With the cosine rule, the two values are obtained quite quickly, which was the
case for a majority of candidates. A small number were able to write down the correct quadratic equation to be solved, but then made
arithmetical errors en route to their final solution(s). Part b) was often left blank. The better candidates were able to deduce k£ = 3 , though the
solution k > 6 was rarely, if at all, seen by examiners.

b. Candidates using the sine rule here made little or no progress. With the cosine rule, the two values are obtained quite quickly, which was the
case for a majority of candidates. A small number were able to write down the correct quadratic equation to be solved, but then made
arithmetical errors en route to their final solution(s). Part b) was often left blank. The better candidates were able to deduce k£ = 3 , though the

solution k > 6 was rarely, if at all, seen by examiners.

The following diagram shows a sector of a circle where AOB = z radians and the length of the arc AB = % cm.

Given that the area of the sector is 16 cm?, find the length of the arc AB.

Markscheme

¥

=

Il
X

S

arc length = % =rz (

2
16=3(%)z (=2-16) ms

T
Note: Award M1s for attempts at the use of arc-length and sector-area formulae.

z=5 Al
arc length =4 (cm) A1

[4 marks]

Examiners report

IN/A]



Given that % < a<mwandcosa = f%, find the value of sin 2a .

Markscheme

2
sin o = 1—(—%) — Y (MpAl

attempt to use double angle formula M1

. ¢ 3 3V7

Note: 4 seen would normally be awarded M1A41.

[4 marks]

Examiners report

Many candidates scored full marks on this question, though their explanations for part a) often lacked clarity. Most preferred to use some kind of

right-angled triangle rather than (perhaps in this case) the more sensible identity sin?a + cos?a = 1.

The vectors a , b , ¢ satisfy the equationa+b+c=0.Showthata x b=b xc=c X a.

Markscheme

taking cross products with @, M1

ax(@t+tbtc)y=ax0=0 Al

using the algebraic properties of vectors and the fact thata x a=0, Ml
axbtaxc=0 Al

axb=cxa AG

taking cross products with b, M1

bx(a+b+tc)=10

bxatbxc=0 Al

axb=bxc AG

this completes the proof

[6 marks]

Examiners report

[N/A]



Consider the following functions:

h(z) = arctan(z), z € R
g(z) = %,xER, x#0

a. Sketch the graph of y = h(z).
b. Find an expression for the composite function h o g(z) and state its domain.
c. Given that f(z) = h(z) + ho g(z),

(i) find f'() in simplified form;

(i) show that f(z) = 7 forz > 0.

d. Nigel states that f is an odd function and Tom argues that f is an even function.

(i) State who is correct and justify your answer.
(ii)  Hence find the value of f(z) for z < 0.

Markscheme

A

AlAl

Note: A1 for correct shape, A1 for asymptotic behaviour at y = + g

[2 marks]
b. hog(z) = arctan(%) Al

domain of h o g is equal to the domainof g: x € o, x A0 Al
[2 marks]

c. (i) f(z)= arctan(z) + arctan(%)
! _ 1 1 1
1

12
@) =1t=+== Al

22

D S |
T 14a? 1+a?

=0 Al
(i) METHOD 1
fisaconstant RI

whenz > 0
f)=7+7 MIAl
=X AG

2
METHOD 2

2
2
(7]

K]



from diagram

0 = arctan % Al

a = arctanz Al
0+a=3 RI
hence f(z) = AG

METHOD 3

tan(f(z)) = tan (arctan(:p) + arctam(%)) M1
1

=" a1

1793(%)
denominator =0, so f(z) = 5 (for z > 0) RI

[7 marks]
d. (i) Nigelis correct. A1

METHOD 1
arctan(z) is an odd function and % is an odd function

composition of two odd functions is an odd function and sum of two odd functions is an odd function RI1
METHOD 2

f(—z) = arctan(—z) + arctan(f%> = —arctan(z) — arctan(%) = —f(z)
therefore f'is an odd function. RI

i) f2)=-% Al

[3 marks]

Examiners report

IN/A]
IN/A]
IN/A]
IN/A]

coow

a. Show that sin (0 + %) = cos . (1]

b. Consider f(z) = sin(az) where a is a constant. Prove by mathematical induction that f(™ (z) = a" sin (am + 7;—”) where n € Z" and [7]

£ (z) represents the n'" derivative of f(z).

Markscheme

™

> M1

a. sin(9+ %) = sinf cos 5 + cos fsin

=cosf AG

Note: Accept a transformation/graphical based approach.

[1 mark]



b. considern =1, f'(z) = acos(az) M1
since sin (a:n + %) = cos ax then the proposition is true forn =1 R1
assume that the proposition is true for n = k so f(k)(m) =d" sin(am + k—zﬂ) M1
f(k+1)($) = 7d(f:;(m)) (: a (ak cos (am + k%))) M1

= aF*1sin (ax + k—; + %) (using part (a)) A7

k1
= ghtl sin(aa:—l— (;)W> A1

given that the proposition is true for n = k then we have shown that the proposition is true for n = k + 1. Since we have shown that the
proposition is true for n = 1 then the proposition is true for all n € 7zt Rt

Note: Award final R1 only if all prior M and R marks have been awarded.
[7 marks]
Total [8 marks]

Examiners report

IN/A]
b, IN/A]

Solve the equation sec?z + 2tanz = 0, 0 < = < 2m.

Markscheme

METHOD 1

use of sec’z = tan’z +1 M1
tan?z +2tanz +1 =0
(tanz +1)2=0 (M1)

tanz = -1 Af1

T=—=, — A1A1
METHOD 2

1 + 2sinz =0 M1

cos2z cosx

1+ 2sinzcosz =0

sin2x = —1 M1A1

3 Tm
2t=75, 5
z=3%"  A1A1

Note: Award A1AQ if extra solutions given or if solutions given in degrees (or both).

[5 marks]



Examiners report

[N/A]

(a) Show that sin 2nz = sin((2n + 1)z) cosz — cos((2n + 1)z) sinz.

(b) Hence prove, by induction, that

cos + cos 3z + cos bz + ... + cos((2n — 1)z) =

foralln € Z*, sinz # 0.

(c) Solve the equation cos x + cos 3z = %, O<z<m.

Markscheme

(@) sin(2n+ 1)zcosz — cos(2n+ 1)z sinz =sin(2n+ 1)z — =

=sin2nx AG
[2 marks]

(b) ifn=1 Ml

LHS = cosz
RHS = SZe _ 2snzeoss _ oogn  M]
2sinz 2sinz

so LHS = RHS and the statement is true forn=1 RI
assume true forn=k MI
Note: Only award M1 if the word true appears.

Do not award M1 for ‘let n =k’ only.

Subsequent marks are independent of this M1.

s0 cos T + cos 3z + cos bz + ... + cos(2k — 1)z = szi‘;iik;

ifn=k+ 1 then
cosz + cos 3z + cos bz + ... + cos(2k — 1)z + cos(2k + 1)z
= snZkr 4 oos(2k4 1)z Al

2sinz

sin 2kz+2 cos(2k+1)z sinz

— o M1
sinz
sin(2k+1)x cos z—cos(2k+1)x sin z+2 cos(2k+1)z sinz
= o M1
sin
sin(2k+1)z cos z+cos(2k+1)z sin =
= i Al
sin
sin(2k+-2)x
= OB g
sin
sin 2(k+1)z
S )
sin

so if true for n = k, then also true forn =k + 1
as true for n =1 then true foralln € Z* RI
Note: Final R1 is independent of previous work.

[12 marks]

Ml

MIiAl

sin 2nx

2sinx

)



() =% > MiAl

2sinz 2
sindx = sinz
4z = & = x = 0 but this is impossible
us

43::71'—3:@1‘:3 Al

dr=2rtz=>zc=2 Al
dz=3r—z=x=>22 Al
for not including any answers outside the domain ~ R1

Note: Award the first M1A41 for correctly obtaining 8cos®z — 4 cosz — 1 = 0 or equivalent and subsequent marks as appropriate including the

1 1+V5
answers (—5, T)'
[6 marks]
Total [20 marks]

Examiners report

This question showed the weaknesses of many candidates in dealing with formal proofs and showing their reasoning in a logical manner. In part
(a) just a few candidates clearly showed the result and part (b) showed that most candidates struggle with the formality of a proof by induction.
The logic of many solutions was poor, though sometimes contained correct trigonometric work. Very few candidates were successful in answering
part (c) using the unit circle. Most candidates attempted to manipulate the equation to obtain a cubic equation but made little progress. A few

candidates guessed 2% as a solution but were not able to determine the other solutions.

A triangle has sides of length (n? + n + 1), (2n + 1) and (n? — 1) where n > 1.

(a) Explain why the side (n? + n + 1) must be the longest side of the triangle.
(b)  Show that the largest angle, 6, of the triangle is 120°.

Markscheme

(a) areasonable attempt to show either that n? +n+ 1> 2n + 1 or

n24+n+1>n2-1 Ml

complete solution to each inequality A1A41

) (1) (P na1)
(b) cosf = 2@n D (ET) MIAl
_ —2n3—n242n+1
T 2(2n+1)(n2-1) Ml
(n—1)(n+1)(2n+1)

TS () Al

1

0=120° AG

[8 marks]



Examiners report

There were very few complete and accurate answers to part a). The most common incorrect response was to state the triangle inequality and feel
that this was sufficient.

Many substituted a particular value for n and illustrated the result. Most students recognised the need for the Cosine rule and applied it correctly.
Many then expanded and simplified to the correct answer. There was significant fudging in the middle on some papers. There were many good

responses to this question.

Given that sinx + cosx = %, find cos 4x.

Markscheme

sin’z + cos’z + 2sinz cosz = % M1)(A1)

using sin’z 4 cos’z =1 (MI)

. 5
2sinzcosx = -3

using 2sinz cosx = sin2x (M)
5

sin2x = -3

cosdx =1 — 2sin’2z  MI
Note: Award this M1 for decomposition of cos 4x using double angle formula anywhere in the solution.

—1-2x 23

81
31
=5 Al

[6 marks]

Examiners report

IN/A]

Find all solutions to the equation tan z + tan 2z = 0 where 0° < = < 360°.

Markscheme

tanx + tan2z =0

tanz + 220 0 M1

1—tan’z
tanz — tan®z + 2tanz =0 Af1
tanz(3 —tan’z) =0 (M1)

tanx =0= 2 =0, x = 180° At

Note: If z = 360° seen anywhere award A0



tanz = v/3 = = = 60°, 240° Af1
tanz = —v/3 = = = 120°, 300° Af1

[6 marks]

Examiners report

IN/A]

The diagram below shows two straight lines intersecting at O and two circles, each with centre O. The outer circle has radius R and the inner

4

Consider the shaded regions with areas 4 and B . Given that A : B = 2 : 1, find the exact value of the ratio R : r .

circle has radius r .

diagram not fo
scale

Markscheme

A=4R -1 a1l

B=1%r Al

fromA: B=2:1,wehave RZ —r2 =212 Ml
R=+3r (A1)

hence exact value of the ratio R : ris v/3:1 A1 NO

[5 marks]

Examiners report

This question was successfully answered by most candidates using a variety of correct approaches. A few candidates, however, did not use a

parameter for the angle, but instead substituted an angle directly, e.g., % or %.



Consider the following system of equations:

z+y+z=1
20 +3y+2=3

x+3y—z=2A

where A € R.

a. Show that this system does not have a unique solution for any value of \ .

b. (i) Determine the value of A for which the system is consistent.

(i)  For this value of A, find the general solution of the system.

Markscheme

a. using row operations, M1

to obtain 2 equations in the same 2 variables 4141
for exampley —z =1

2y —2z=A—-1

the fact that one of the left hand sides is a multiple of the other left hand side indicates that the equations do not have a unique solution, or

equivalent RIAG
[4 marks]
b. i) A=3 Al

(i) putz=p Ml
theny=14+pu Al
and £ = —2p or equivalent AI

[4 marks]

Examiners report

IN/A]
" IN/A]

a
b

a. Sketch the graph of y = {cos(%)‘ for0 < = < 8.

b. Solve ‘cos(%)} = % for0 < z < 8.

Markscheme

(4]
[4

(2]
E]



AlAl

Note: Award A1 for correct shape and A1 for correct domain and range.

[2 marks]

b. {cos(%)‘ _

e=3 Al

attempting to find any other solutions M1

| =

Note: Award (M1) if at least one of the other solutions is correct (in radians or degrees) or clear use of symmetry is seen.

_ 4 207
o =8r— 5 =
— v _ 8w
z=4r— 5 =3

T =4r + 3 = 3 Al

Note: Award A1 for all other three solutions correct and no extra solutions.
Note: If working in degrees, then max AOM1A0.

[3 marks]

Examiners report

o INA]
b, IN/A]

In triangle ABC, AB=9 cm, AC=12 cm, and B is twice the size of C .

Find the cosine of C .

Markscheme

9 _ 12
sinC ~ sinB (MI)
9 12
w0 — e Al
. 9 12
Using double angle formula —= = c—=—p M1

= 9(2sinCcosC) = 12sin C



= 6sinC(3cosC —2) =0 orequivalent (41)
(sinC # 0)
= cosC = % Al

[5 marks]

Examiners report

There were many totally correct solutions to this question, but again a significant minority did not make much progress. The most common
reasons for this were that candidates immediately assumed that because the question asked for the cosine of C that they should use the cosine rule,

or they did not draw a diagram and then confused which angles were opposite which sides.

Consider w = 2 (cos% + isin%)

These four points form the vertices of a quadrilateral, Q.

a.i.Express w2 and w? in modulus-argument form. 3]

a.iiSketch on an Argand diagram the points represented by w® , w' , w? and w®. 2]
) . 21V3

b. Show that the area of the quadrilateral Q is ——. [3]

c. Letz=2 (cos% + isin%) , nE 7. The points represented on an Argand diagram by zO, zl, z2, ..., 2" form the vertices of a polygon  [6]

P,.

Show that the area of the polygon P, can be expressed in the form a (b" — 1) sin%, where a, b € R.

Markscheme

ai.w? = 4cis (2—;> ;wd = 8cis (1) (M1)A1A1
Note: Accept Euler form.
Note: M1 can be awarded for either both correct moduli or both correct arguments.
Note: Allow multiplication of correct Cartesian form for M1, final answers must be in modulus-argument form.

[3 marks]

A1A1
w'

T

5

ka7

[2 marks]
b. use of area = %ab sinC M1

%x1><2xsin§+%x2x4xsin§+%><4><8><sin% A1A1



Note: Award A1 for C' = g A1 for correct moduli.

— —21;/5 AG

Note: Other methods of splitting the area may receive full marks.

[3 marks]

1 0 1 e T 1 1 2 s T 1 2 3 . T 1 -1 T
C. 5 X 29X 2 xXsing + 5 X2 X2° xsing +5 X2° X2 Xsing + ... +5 X277 x2" xsin;  MIAT

Note: Award M1 for powers of 2, A1 for any correct expression including both the first and last term.

=sing x (2°4+ 22+ 2%+ ... +2772)

identifying a geometric series with common ratio 22(= 4) (M1)A1

. 1_2271 o

= 4= xsiny M1

Note: Award M1 for use of formula for sum of geometric series.

= %(4" —1)sinz A1

[6 marks]

Examiners report
ai. VA
ailNVA
b [INA]

o IVA]

Leta =sinb, 0 < b < 7.

Find, in terms of b, the solutions of sin2z = —a, 0 < z < 7.

Markscheme

sin2x = —sinb
EITHER
sin 2z = sin (—b) or sin 2z = sin (7 + b) orsin 2z = sin (2r — b) ...  (M1)(A1)

Note: Award M1 for any one of the above, A1 for having final two.

OR

(M1)(A1)

Note: Award M1 for one of the angles shown with b clearly labelled, A1 for both angles shown. Do not award A1 if an angle is shown in the second
quadrant and subsequent AT marks not awarded.

THEN
2c=m+bor2x =2wr—b (A1)(A1)

Lk b b
(]J—E—F?,m—ﬂ'—? A1l



[5 marks]

Examiners report

[N/A]

a. Find all values of x for 0.1 < < 1 such that sin(rz 1) = 0. [2]
1

b. Find [ 7z~ 2 sin(mz~!)dz, showing that it takes different integer values when 7 is even and when 7 is odd. [3]
n+1

c. Evaluate f0141 |rz~2sin(rz1)| dz. [2]

Markscheme

a sin(mz ') =0Z =m, 2n(...) (4l)
1111111 1
=Ly poeonnonw Al
[2 marks]

b. [cos(mz )] 713 M1

P
= cos(mn) — cos(mw(n + 1)) Al
=2 whennis even and =-2 whennisodd A1
[3 marks]
c. foilmz ?sin(me)|de =2+2+... +2=18 (MDAl

[2 marks]

Examiners report

a. There were a pleasing number of candidates who answered part (a) correctly. Fewer were successful with part (b). It was expected by this stage

of the paper that candidates would be able to just write down the value of the integral rather than use substitution to evaluate it.

b. There were a pleasing number of candidates who answered part (a) correctly. Fewer were successful with part (b). It was expected by this stage

of the paper that candidates would be able to just write down the value of the integral rather than use substitution to evaluate it.

c. There were disappointingly few correct answers to part (c) with candidates not realising that it was necessary to combine the previous two parts

in order to write down the answer.

If x satisfies the equation sin (x + %) = 2sinzx sin(%), show that 11tanz = a + bv/3, where a, b € Z™.

Markscheme
sin(z + %) = sinxcos(%) + cosmsin(%) M1)

. s . m . . s
SlIl:IJCOS(g) + cosxsm(§> = 2s1nx51n(3)



1. V3 V3 .
5s1nm+7cosx:2><75mx Al

dividing by cos z and rearranging M1

V3
2v/3-1

rationalizing the denominator M1
lltanz =6 ++/3 Al
[6 marks]

tanz =

Examiners report

Most candidates were able to make a meaningful start to this question, but a significant number were unable to find an appropriate expression for

tan x or to rationalise the denominator.

Given that f(z) =1 +sinz, 0 < z <

a. sketch the graph of f;

9

(1]

1
0 T T In X
2 2
b. show that (f(z))? = % + 2sinz — %cos 2z; (1]
c. find the volume of the solid formed when the graph of f'is rotated through 27 radians about the x-axis. [4]

Markscheme



Al

[1 mark]

b. (1+sinz)? =1+ 2sinz + sin’z
=1+2sinz+ %(1 —cos2z) Al
= % + 2sinx — %cos2:p AG
[1 mark]

3T
c. V=m[? (1+sinz)’dz (MI)
3
= 7rf07 (g + 2sinx — éCOS2JJ) dx

3
:7T|:;.'L‘—2COS(L‘— #}; Al
=92 4o AlAl

[4 marks]

Examiners report

a. Parts (a) and (b) were almost invariably correctly answered by candidates. In (c), most errors involved the integration of cos(2z) and the
insertion of the limits.

b. Parts (a) and (b) were almost invariably correctly answered by candidates. In (c), most errors involved the integration of cos(2x) and the
insertion of the limits.

c. Parts (a) and (b) were almost invariably correctly answered by candidates. In (c), most errors involved the integration of cos(2z) and the

insertion of the limits.



The function f'is defined on the domain {0, 37”} by f(z) = e *cosz .

a. State the two zeros of f. (1]
b. Sketch the graph of /. (1]
c. The region bounded by the graph, the x-axis and the y-axis is denoted by A4 and the region bounded by the graph and the x-axis is denoted by [7]

B . Show that the ratio of the area of 4 to the area of B is

e” (e% + 1)

e"+1

Markscheme

a. eZcosx =0

7w 37

[1 mark]

Al

Note: Accept any form of concavity for z € [0, %} .
Note: Do not penalize unmarked zeros if given in part (a).

Note: Zeros written on diagram can be used to allow the mark in part (a) to be awarded retrospectively.

[1 mark]
c. attempt at integration by parts M1
EITHER
I=[e“coszde = —e “coszdz — [e “sinzdr Al
=1 =—e*cosxdx — [fe’z sinz + fe’c” cos xd:c} Al

=1= %(sinx—cosm)—}—C Al



Note: Do not penalize absence of C.

OR
I=[e“coszdz =e “sinz+ [e “sinzdz Al
I=e"*sinx—e *cosz — fe’w coszdx Al

-z

= I = %-(sinz —cosz) +C Al
Note: Do not penalize absence of C.

THEN

fi? e % coszdz = [%(Sinx — cos:v)}j =&+ 5 Al

g

3 3 3m

_ T . 2
2 e ¥ coszdz = [eT(sma:—cosa:)]7r =—e¢2 ¢
5 x

2

e

: .S+
ratio of 4:B is —2—2+
6_7 E_E
— T

L
2 1

M1

3r /T
e2 (e 2+1)
T 3xy/ 3 T
e2 (e 2 +e 2>
s
e"'(e2+1>
= em+1
[7 marks]

AG

Examiners report

a. Many candidates stated the two zeros of f'correctly but the graph of f' was often incorrectly drawn. In (c), many candidates failed to realise that
integration by parts had to be used twice here and even those who did that often made algebraic errors, usually due to the frequent changes of
sign.

b. Many candidates stated the two zeros of f correctly but the graph of f'was often incorrectly drawn. In (c), many candidates failed to realise that
integration by parts had to be used twice here and even those who did that often made algebraic errors, usually due to the frequent changes of
sign.

¢. Many candidates stated the two zeros of f correctly but the graph of f'was often incorrectly drawn. In (c), many candidates failed to realise that

integration by parts had to be used twice here and even those who did that often made algebraic errors, usually due to the frequent changes of

sign.
The function f'is defined by f(z) = m.
a. Express 4z® — 4z + 5 in the form a(z — h)% + k where a, 4, k € Q. [2]

b. The graph of y = 22 is transformed onto the graph of y = 422 — 4z + 5. Describe a sequence of transformations that does this, making the [3]

order of transformations clear.

c. Sketch the graph of y = f(z). 2]
d. Find the range of f. [2]
e. By using a suitable substitution show that [ f(z)dz = i S/ u21+1 du. (3]
f. Prove that f13'5 mdm =15 [71



Markscheme
a. 4(z—05)>+4 AlAl

Note: A1 for two correct parameters, A2 for all three correct.

[2 marks]

b. translation (0[')5 > (allow “0.5 to the right”) A1

stretch parallel to y-axis, scale factor 4 (allow vertical stretch or similar) A1

translation (Z) (allow “4 up”) Al

Note: All transformations must state magnitude and direction.

Note: First two transformations can be in either order.

It could be a stretch followed by a single translation of < Of ) . If the vertical translation is before the stretch it is < [1) ) .

[3 marks]

general shape (including asymptote and single maximum in first quadrant), A1

intercept (0, %) or maximum (%, %) shown Al
[2 marks]
d 0< f(z) <3 AlAl

Note: AI for < %,AI for 0 <.

[2 marks]

e. letu:m—% Al

3—221 (ordu=dz) Al
fol ol dp oan

1224215 P
widrt 4(1‘7%) +4



1 1 1
f4u2+4du: qu7+1du AG

Note: If following through an incorrect answer to part (a), do not award final A1 mark.

[3 marks]
3.5 1 13 1
N ramde = 1 fos mpde Al
Note: A1 for correct change of limits. Award also if they do not change limits but go back to x values when substituting the limit (even if there

is an error in the integral).

[zaa'(:‘ca,n(u)]a5 M1)

1
4
1 1

I (arctan(S) - arctan(5>> Al

let the integral =/
tan4l = tan (a.rctan(3) — arctan(%)) MI

3-0.5 2.5
305 — 35 — L (MDAl

412%:>I:1—7:s AIAG

[7 marks]

Examiners report

a.

This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound

angle formulae. There were many good solutions to parts (a) — (e).

. This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound

angle formulae. There were many good solutions to parts (a) — (e) but the following points caused some difficulties.

(b) Exam technique would have helped those candidates who could not get part (a) correct as any solution of the form given in the question
could have led to full marks in part (b). Several candidates obtained expressions which were not of this form in (a) and so were unable to
receive any marks in (b) Many missed the fact that if a vertical translation is performed before the vertical stretch it has a different magnitude
to if it is done afterwards. Though on this occasion the markscheme was fairly flexible in the words it allowed to be used by candidates to
describe the transformations it would be less risky to use the correct expressions.

This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound
angle formulae. There were many good solutions to parts (a) — (e) but the following points caused some difficulties.

(c) Generally the sketches were poor. The general rule for all sketch questions should be that any asymptotes or intercepts should be clearly
labelled. Sketches do not need to be done on graph paper, but a ruler should be used, particularly when asymptotes are involved.

. This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound

angle formulae. There were many good solutions to parts (a) — (e).

. This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound

angle formulae. There were many good solutions to parts (a) — (e) but the following points caused some difficulties.

(e) and (f) were well done up to the final part of (f), in which candidates did not realise they needed to use the compound angle formula.

This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound
angle formulae. There were many good solutions to parts (a) — (e) but the following points caused some difficulties.

(e) and (f) were well done up to the final part of (f), in which candidates did not realise they needed to use the compound angle formula.



a. (i) Sketch the graphs of y = sinx and y = sin 2z , on the same set of axes, for 0 < z < % . €

(il)  Find the x-coordinates of the points of intersection of the graphs in the domain 0 < z <

INIE]

(iii)  Find the area enclosed by the graphs.

b. Find the value of fol 1/ 7= dz using the substitution z = 4sin’0 . 8]
c. The increasing function f'satisfies f(0) = 0 and f(a) = b, wherea > 0andb > 0. 8]

(i) By reference to a sketch, show that [;' f(z)dz = ab — fob flz)dz .

(ii)) Hence find the value of foz arcsin(%) dz .

Markscheme

a. (i)

§-
T n
4 2

A2
Note: Award A1 for correct sin z , A1 for correct sin 2 .

Note: Award A1A40 for two correct shapes with % and/or 1 missing.



Note: Condone graph outside the domain.

(i) sin2z=sinz,0<z< 3
2sinzcosz —sinz =0 MI
sinz(2cosz —1) =0

JJ:O,% AIAl NINI

(iii) area= [’ (sin2z —sinz)de MI

Note: Award M1 for an integral that contains limits, not necessarily correct, with sin z and sin 2z subtracted in either order.

= [—%cosQ:n—l—cosm j Al
= (f%cos% + cos %) — <f%cos()+c050) M1)
_ 3 1
— 12
1
=1
[9 marks]

b. it/ de = [T /S50« 8sinfcosfds  MIAIAI

Note: Award M1 for substitution and reasonable attempt at finding expression for dx in terms of d@, first A1 for correct limits, second A1 for
correct substitution for dx .

fo% 8sin’0dd A1

fO% 4 —4cos20d6 Ml

= [46 — 2sin29]§ Al

- (2?“ —2sin§) —0 (M)
=X V3 a

[8 marks]

c. (i)



Ml
from the diagram above
the shaded area = [ f(z)dz = ab — fob fl(y)dy RI
=ab— fob fYz)dz AG

(i) f(z) =arcsinf = f~!(z) =4sinz Al

Jy arcsin(% )dz = 5~ [ 4sinadz  MIAIAI

Note: Award A1 for the limit % seen anywhere, A1 for all else correct.

=3- [—4dcosz]§ Al
=Z-4+2V3 a4l

Note: Award no marks for methods using integration by parts.

[8 marks]

Examiners report



a. A significant number of candidates did not seem to have the time required to attempt this question satisfactorily.

Part (a) was done quite well by most but a number found sketching the functions difficult, the most common error being poor labelling of the
axes.

Part (ii) was done well by most the most common error being to divide the equation by sin  and so omit the x = 0 value. Many recognised the
value from the graph and corrected this in their final solution.

The final part was done well by many candidates.

Many candidates found (b) challenging. Few were able to substitute the dx expression correctly and many did not even seem to recognise the
need for this term. Those that did tended to be able to find the integral correctly. Most saw the need for the double angle expression although
many did not change the limits successfully.

Few candidates attempted part ¢). Those who did get this far managed the sketch well and were able to explain the relationship required.
Among those who gave a response to this many were able to get the result although a number made errors in giving the inverse function. On
the whole those who got this far did it well.

b. A significant number of candidates did not seem to have the time required to attempt this question satisfactorily.

Part (a) was done quite well by most but a number found sketching the functions difficult, the most common error being poor labelling of the
axes.

Part (ii) was done well by most the most common error being to divide the equation by sin « and so omit the x = 0 value. Many recognised the
value from the graph and corrected this in their final solution.

The final part was done well by many candidates.

Many candidates found (b) challenging. Few were able to substitute the dx expression correctly and many did not even seem to recognise the
need for this term. Those that did tended to be able to find the integral correctly. Most saw the need for the double angle expression although
many did not change the limits successfully.

Few candidates attempted part ¢). Those who did get this far managed the sketch well and were able to explain the relationship required.
Among those who gave a response to this many were able to get the result although a number made errors in giving the inverse function. On
the whole those who got this far did it well.

c. A significant number of candidates did not seem to have the time required to attempt this question satisfactorily.

Part (a) was done quite well by most but a number found sketching the functions difficult, the most common error being poor labelling of the
axes.

Part (ii) was done well by most the most common error being to divide the equation by sin  and so omit the x = 0 value. Many recognised the
value from the graph and corrected this in their final solution.

The final part was done well by many candidates.

Many candidates found (b) challenging. Few were able to substitute the dx expression correctly and many did not even seem to recognise the
need for this term. Those that did tended to be able to find the integral correctly. Most saw the need for the double angle expression although
many did not change the limits successfully.

Few candidates attempted part ¢). Those who did get this far managed the sketch well and were able to explain the relationship required.
Among those who gave a response to this many were able to get the result although a number made errors in giving the inverse function. On
the whole those who got this far did it well.

(a) Show that arctan(%) + arcta,n(%) =7

(b) Hence, or otherwise, find the value of arctan(2) + arctan(3) .

Markscheme

(a) METHOD 1

letz = arctan% = tanz = % andy = arctan% = tany = %

1,1
tanz+tany 5*3

tan(:c+y) " l1-tanztany 1 L, 1 L Mi
2 3

o,z +y=arctanl = 5 AIAG
METHOD 2
z+y

forx, y > 0, arctanz + arctany = arctan(rw) ifey <1 MI



| =
+
wo =

AIAG

1 1
so, arctan 3 + arctan 3= arctan(

N———
I
INE]

1—

X

o] =
wl =

METHOD 3
an appropriate sketch M1

R

e.g.

>

P

correct reasoning leading to % RIAG
(b) METHOD 1
arctan(2) + arctan(3) = 7 — arctan(%) + 35— arctan(%) (M1)

=7 — (arctan(%) + arctan(%)) Al)

Note: Only one of the previous two marks may be implied.

3r

METHOD 2

letz = arctan2 = tanz = 2 and y = arctan3 = tany = 3
tanz+tany 243

tan(:p + y) = l-tanztany = 12x3 -1 (Ml)

as%<m<§ <accept0<:c<§)
and 7 <y < & (accept0<y<§)
5 <zt+y<m (accept0<z+y<m) (RD)
Note: Only one of the previous two marks may be implied.
SO, T+ Y= %TW Al NI
METHOD 3
+y

forz, y > 0, arctanz + arctany = arctan( iwy

)+7rifxy>1 M1)

so, arctan 2 + arctan 3 = arctan(%) +7 (Al

Note: Only one of the previous two marks may be implied.
=3 41 NI
4
METHOD 4
an appropriate sketch M1



e.g.

correct reasoning leading to %TW R1A41

[5 marks]

Examiners report

cosT
sinx

and

Most candidates had difficulties with this question due to a number of misconceptions, including arctan z = tan 'z =

arcsin

arctan = — s, showing that, although candidates were familiar with the notation, they did not understand its meaning. Part (a) was done well

among candidates who recognized arctan as the inverse of the tangent function but just a few were able to identify the relationship between parts

(a) and (b). Very few candidates attempted a geometrical approach to this question.

(a) Sketch the curve f(z) =sin2z,0< z < 7.

(b) Hence sketch on a separate diagram the graph of g(z) = csc 2z, 0 < & < =, clearly stating the coordinates of any local maximum or
minimum points and the equations of any asymptotes.
(c) Show that tan  + cot x = 2 csc 2z .

(d) Hence or otherwise, find the coordinates of the local maximum and local minimum points on the graph of y = tan 2z + cot 2z ,0 < < %

(e) Find the solution of the equation csc 2z = 1.5tanz — 0.5,0 < z < % .

Markscheme



(a)

A2

== T

Note: Award A1 for shape.

A1 for scales given on each axis.

[2 marks]
/\
i+
(b) I
~) -

Asymptotesz =0, z =

A5

r =T

3m : L
Max (T,—l) , Min (Z’l)

Note: Award A1 for shape

A2 for asymptotes, A1 for one error, A0 otherwise.



Al for max.

Al for min.

[5 marks]

(c) tanz +cotz = SBZ 4 sz ppp

cos T sinx

-2 2
sin”z+cos“x Al
sinz cos ©

= Al

551n2w
=2csc2z AG
[3 marks]

(d) tan2z 4+ cot2x =2cscdx (M)
Max is at (3%,—2) AlAl
Min is at (%, 2) AlAT

[5 marks]

() csc2x =1.5tanx — 0.5

1 1 _ 3 1
stanz + cotz = Stanz — 3 M1

tanz + cotz = 3tanz — 1

L _1=0 MI

tanx

2tanz —
2tan’z —tanz —1=0 Al
(2tanz + 1)(tanz — 1) =0 MI
tanx:f%orl Al

Al

X =

INE!

Note: Award A0 for answer in degrees or if more than one value given for x.
[6 marks]
Total [21 marks]

Examiners report

Although the better candidates scored well on this question, it was disappointing to see that a number of candidates did not appear to be well

prepared and made little progress. It was disappointing that a small minority of candidates were unable to sketch y = sin 2z . Most candidates

who completed part (a) attempted part (b), although not always successfully. In many cases the coordinates of the local maximum and minimum

points and the equations of the asymptotes were not clearly stated. Part (c) was attempted by the vast majority of candidates. The responses to part

(d) were disappointing with a significant number of candidates ignoring the hence and attempting differentiation which more often than not

resulted in either arithmetic or algebraic errors. A reasonable number of candidates gained the correct answer to part (e), but a number tried to

solve the equation is terms of sin x and cos x and made little progress.



